We study the ρ meson in a uniform magnetic field eB using a holographic QCD-model, more specifically a D4/D8/D8 brane setup in the confinement phase at zero temperature with two quenched flavours. The parameters of the model are fixed by matching to corresponding dual field theory parameters at zero magnetic field. We show that the up-and down-flavour branes respond differently to the presence of the magnetic field in the dual QCD-like theory, as expected because of the different electromagnetic charge carried by up-and down-quark. We discuss how to recover the Landau levels, indicating an instability of the QCD vacuum at eB = m 2 ρ towards a phase where charged ρ mesons are condensed, as predicted by Chernodub using effective QCD-models. We improve on these existing effective QCD-model analyses by also taking into account the chiral magnetic catalysis effect, which tells us that the constituent quark masses rise with eB. This turns out to increase the value of the critical magnetic field for the onset of ρ meson condensation to eB ≈ 1.1 m 2 ρ ≈ 0.67 GeV 2 .
the ρ meson sector. We shall rely on the much studied Sakai-Sugimoto model [66, 67] .
Holographic QCD-models give a description of hadronic physics through a dual supergravity theory in a higherdimensional world. This working philosophy is based on the original Maldacena conjecture [69] . The duality is valid for a large number of colours and at large 't Hooft coupling λ where QCD itself is unmanageable, thus providing an analytical setting for studying non-perturbative QCD effects. The Sakai-Sugimoto model in particular [66, 67] uses a D4/D8/D8 brane setup which manages to reproduce much of the low-energy physics of quenched QCD in the chiral limit, such as confinement and dynamical chiral symmetry breaking at low temperature, vector meson dominance, pion effective action, etc. A short review of the model is presented in Section II A. We will discuss the effect of the magnetic field on the ρ meson mass in both the original antipodal embedding considered by Sakai and Sugimoto (where the flavour branes merge at a value u 0 of the holographic radius equal to the cut-off of space u K ) and the more general non-antipodal embedding (u 0 > u K ). The latter enables us to take into account constituents of the ρ meson, at least to some level. We extend the work of Sakai and Sugimoto on the numerical fixing of the holographic parameters for the u 0 = u K case to the case where u 0 > u K in Section II B. In order to get results in physical units we have fixed the free remaining parameters in the holographic model by matching them to phenomenological or experimental values for the constituent quark mass, the pion decay constant and the ρ meson mass m ρ , in absence of a magnetic field. Let us mention here already that throughout this article the notation m ρ will be solely used to denote the ρ meson mass at zero magnetic field.
In the Sakai-Sugimoto model at zero background magnetic field, the flavour D8-and D8-branes form a stack of coinciding branes in the D4-brane background. In Section II C, we summarize how to introduce a background magnetic field eB into the model. Only in the u 0 > u K case there is an effect of eB on the embedding. Considering two flavours, we allow for the possibility that the up-and down-flavour branes respond to the magnetic field in a different way, which they turn out to do. This simply reflects in a geometrical way the up-and down-quarks coupling to the magnetic field with different electric charges. In other works like [47, 49, [51] [52] [53] , the influence of a magnetic field on some features of the Sakai-Sugimoto model was already investigated, however mostly for the N f = 1 case. The chiral magnetic effect was studied for example in [49, 53] , whereas a part of the phase diagram in terms of a magnetic field and isospin chemical potential in [51] . Since we are interested in charged ρ mesons, we need multiple flavours in our study, and thus have to extend on existing N f = 1 literature 2 . We find in Section II D, among other results, a heavier constituent mass for the up-quarks than for the down-quarks in the presence of a magnetic field (in the u 0 > u K case).
In Section III A, we derive the mass equation for the ρ meson, recovering the Landau levels of [30] that indicate the instability of the vacuum, as the effective masses of the charged ρ mesons' polarizations that are transverse w.r.t. the applied magnetic field become imaginary in the lowest Landau level when the magnetic field reaches the critical value eB c = m 2
ρ . An obvious drawback of the phenomenological model used in [30] is the fact that the ρ mesons are regarded as point particles without internal structure. The magnetic field is so strong that it is not evident to trust that the underlying quark structure will be of no importance to the story. Using a NJL model allows to consider internal quark dynamics [31] but the ensuing ρ meson dynamics is then perhaps somewhat less phenomenologically valid than that of [30] .
In Section III B we take one effect of the constituents of the ρ meson into account through the effect of chiral magnetic catalysis, which tells us that the constituent quarks get heavier in the presence of a background magnetic field, as will the ρ meson itself (apart from the Landau shift lowering the effective mass). The resulting effective ρ meson action resembles that of [30] but with an effective eB-dependent mass due to internal quark effects. This leads to a slightly larger value for the critical magnetic field, eB c ≈ 1.1 m 2 ρ , at the onset of the predicted condensation. This increase is in qualitative agreement with the lattice data of [40] . In Section III C we discuss that pions, in a leading approximation in the inverse 't Hooft coupling, should not disturb the charged ρ meson condensation, as the magnetic field induces a coupling only between the pions and non-transverse, w.r.t. the magnetic field, ρ meson polarizations. We summarize in Section IV and point out how to improve our analysis in future work. In the Appendix, we have collected some technical details.
II. HOLOGRAPHIC SETUP

A. Review of the Sakai-Sugimoto model
The Sakai-Sugimoto model [66, 67] involves a system of N f pairs of D8 − D8 flavour probe branes placed in a D4-brane background
where dΩ 2 4 , 4 and V 4 = 8π 2 /3 are, respectively, the line element, the volume form and the volume of a unit foursphere, while R is a constant parameter related to the string coupling constant g s , the number of colours N c and the string length s through R 3 = πg s N c 3 s . This background has a natural cut-off at u = u K and the QCD-like theory is said to "live" at u → ∞. Imposing a smooth cut-off of space at u = u K determines in a unique way the period δτ of τ:
with M K the inverse radius of the τ-circle. In this paper we will work with 3 colours, N c = 3, and 2 flavours, N f = 2.
We stress here that we ignore the back reaction of the flavour branes on the background, an assumption which is in principle only valid for N c N f , which means that we are working in a holographic analogue of the quenched approximation. Unquenching the Sakai-Sugimoto model is a difficult task, see [71] . On the stack of N f coinciding D8 − D8 flavour pairs, there lives a U(N f ) L × U(N f ) R gauge theory, which is interpreted as corresponding to the global chiral symmetry in the dual QCD-like theory. The cigar-shape of the (u, τ) subspace of the D4-brane background enforces a ∪-shaped embedding of the flavour branes, encoded in u(τ). This embedding represents the dynamical breaking of chiral symmetry
as the merging of the D8-branes and D8-branes at u = u 0 . The asymptotic separation L (at u → ∞) between D8-and D8-branes, indicated in Figure 1 , is related to u 0 as
In the original setup of [66, 67] the flavour branes merge at the tip of the cigar, u 0 = u K , the embedding is antipodal. The more general non-antipodal embedding with u 0 > u K models non-zero constituent quark mass [70] m q = 1 2πα
with α = 2 s the string tension. In this setup, unlike in the u 0 = u K case, it is possible to model chiral magnetic catalysis [72] : a magnetic field boosts the chiral symmetry breaking and hence the constituent quark masses. This phenomenon is by now generally accepted to occur in QCD, having received numerous confirmations [11-15, 19, 37, 42-45, 47, 48, 73] , albeit that the most realistic QCD lattice data display a richer behaviour than originally anticipated [44, 45] , probably related to quark mass/pion effects 3 . For the N f = 1 case of the Sakai-Sugimoto model, the catalysis was already observed in [47] . The current quark masses are always zero in the Sakai-Sugimoto model, meaning that we are working in the chiral limit. This is closely related to the absence of a direct holographic description of the chiral condensate in the Sakai-Sugimoto model, which can only be overcome at the cost of great complication [74] .
The U(N f ) gauge field A m (x µ , u) (m = 0, 1, 2, 3, u) living on the D8-branes describes mesons in the boundary field theory. The action for this gauge field is given by the non-Abelian DBI-action 4 [75] [76] [77] [78] 
where T 8 = 1/((2π) 8 9 s ) is the D8-brane tension, the factor 2 in front of the u-integration makes sure that we integrate over both halves of the ∪-shaped D8-branes, STr is the symmetrized trace which is defined as
g D8 mn the induced metric on the D8-branes, and 
The parameters R, g s , s , M K , u K and 't Hooft coupling λ = g 2 YM N c are related through the following equations:
B. Numerical fixing of the holographic parameters
In the model with antipodal embedding there are six parameters, R, κ, s , M K , g s and L, related to each other through the four relations (8)- (9) . In [67] the remaining independent parameters M K and κ were fixed to GeV units by matching to the QCD input values f π = 0.093 GeV and m ρ = 0.776 GeV,
resulting in M K ≈ 0.949 GeV and κ = λN c 216π 3 ≈ 0.00745.
We extend this to the model with non-antipodal embedding where there are seven parameters, R, κ, s , M K , u 0 , g s and L. These are completely determined by the four relations (8)- (9), and the three extra requirements that the computable numerical values for the constituent quark mass m q , the pion decay constant f π and the ρ meson mass m ρ , in absence of magnetic field, match to the phenomenologically or experimentally obtained QCD input values m q = 0.310 GeV, f π = 0.093 GeV and m ρ = 0.776 GeV.
Adapting the analysis of Sakai and Sugimoto [66] to the more general case u 0 > u K , see also [82, 83] , we derive the mass eigenvalue equation for the vector meson sector and the expression for f π as functions of M K , u 0 and κ, and thus indirectly (through the relation (3)) as functions of the three unknown parameters M K , L and κ.
In the confinement phase, the non-Abelian DBI-action (5) becomes, to second order in the field strength,
with
and
and where the STr is replaced by Tr as
Assuming the flavour gauge field components A µ (x µ , u) can be expanded in complete sets {ψ n (u)} n≥1 ,
µ (x) reduces to the effective 4-dimensional action
describing vector mesons B (n) µ with masses m n , if the ψ n (u) are subject to:
The conditions (21) and (22) combine, using partial integration (and hereby implicitly assuming the ψ n to be normalizable functions), to the eigenvalue equation
To include pions, following the original discussion in [66] , it is convenient to introduce a new coordinate z that is related to u through
going from −∞ to +∞ along the flavour branes and thus allowing the description of both boundaries at u → ∞ of the ∪-shaped flavour branes. In this new coordinate z, the action (15) reads (denoting u(z) as u z for readability)
and the condition (22)
The flavour gauge field component 6 A z is expanded in the complete set {φ n (z)} n≥0 :
Demanding a canonical normalization of the kinetic term for the φ (n) (x µ ) fields in the effective 4-dimensional action then leads to the orthonormality condition
From the last condition (29) and (27) it follows that
and since φ 0 ⊥ ∂ z ψ n for all n ≥ 1,
we can set
with the normalization constant c determined by
Now ψ 0 is defined through φ 0 = ∂ z ψ 0 , andψ 0 as a multiple of ψ 0 ,
that fulfillsψ
We can then rewrite the expansion for the gauge field as
One stays in the A z = 0 gauge under residual gauge transformations g(x µ , z = 0) = h(x µ ). Fixing the gauge to ξ − = 1, we have the following gauge field expansion [66] A
The pion field is defined as
in order to use the same pion field as the one used in the sigma-model for low-energy effective QCD,
where the kinetic part of the action for the mesons is given by
Equating this action with the corresponding term in the Sakai-Sugimoto action after plugging in the expansion for the gauge field,
leads to the identification
or
where we have used the relations (8), (9) and the definition (11), to determine the volume factor V in the action:
We now have all the ingredients to numerically fix the remaining parameters M K , u 0 (thus L) and κ. First, we determine κ(M K , u 0 ) by demanding the constituent quark mass to be 0.310 GeV,
Then we use the experimental value for the pion decay constant to find u 0 (M K ),
Finally, we solve the eigenvalue equation (23), which is now a function of M K only, for m n=1 . We refer the reader to the Appendix for more details. The value of M K is then determined such that m n=1 = m ρ = 0.776 GeV, the ρ The results of our numerical analysis are
where we used the formula (3) describing the one-to-one relation between L and u 0 . The value found for L is approximately 2.8 times smaller than the maximum value of L, given by
From the values (49) we do extract a relatively large 't Hooft coupling, λ ≈ 15. This allows us to ignore the ChernSimons part of the action, which is a factor λ smaller than the DBI-part. Nevertheless we will briefly comment on the contributions to the ρ meson mass equation originating from the Chern-Simons action in Section III A. We also remark that for these values of the holographic parameters the numerical value for the effective string tension between a quark and an antiquark in this background, given by [68] 
is in good accordance with the value calculated on the lattice for pure SU(3) QCD, σ ≈ 0.18-0.19 GeV 2 , as reported in [84, 85] . This is a nice illustration that the fixed values do have a reasonable QCD resemblance.
C. Turning on a uniform magnetic field
Under gauge transformations g ∈ U(N f ), the flavour gauge field transforms as
Since we have assumed the eigenfunctions ψ n (n ≥ 1) to be normalizable (ψ n (z → ±∞) = 0), the expansion (28) implicitly assumes we are working in the gauge A µ (z → ±∞) = 0. The gauge potential can be made to vanish asymptotically by applying a gauge transformation g(x µ , z) = U(x µ , z), that cancels the asymptotic pure gauge configuration
that ensures a finite effective four-dimensional action. For arbitrary N f > 2, the homotopy group for the functions U :
can always be found. The case N f = 2, which we consider, is an exception since π 4 (U(2)) = Z 2 . In the seminal paper of Sakai and Sugimoto [66] , it was assumed that N f = 2. Yet it appears to be still possible to consider the gauge A m (z → ±∞) = 0. For N f = 2, there will exist a 2 by 2 matrix function U(x µ , z) interpolating between U + and U − (if they are homotopic)ór between U + and U − (if U + and U − are not homotopic), with U − defined as σ 3 U − , so that U − is homotopic to the Z 2 element ∓1 if U − is homotopic to the Z 2 element ±1. The role of the σ 3 multiplication is to switch sign of a row in U − , and thus also of the determinant. The sign of the determinant determines whether a U(2) matrix is homotopic to −1 or +1. Since the asymptotic pure gauge configuration (53) also equals U −1
, as can be easily verified, the gauge transformation g(x µ , z) = U(x µ , z) will again cancel the asymptotic gauge potential. This argument 7 extends the validity of the original Sakai-Sugimoto reasoning to the N f = 2 case.
One does not leave the gauge A m (z → ±∞) = 0 under gauge transformations h ∈ U(N f ) that adopt x µ -independent boundary values (h + , h − ) = (lim z→+∞ h, lim z→−∞ h). These boundary values of the residual gauge symmetry transformation h are interpreted as a global chiral symmetry transformation (h L , h R ) ∈ U(N f ) L × U(N f ) R in the dual QCD-like theory. By "lightly" gauging this chiral symmetry, i.e. making h L = h R = h(z → ±∞) = h dependent on x µ , one leaves the A m (z → ±∞) = 0 gauge, the boundary value of the gauge field A m (z → ±∞) to be interpreted as an external background vector field A µ in the boundary field theory coupling to the quarks through a covariant derivative D µ = ∂ µ + A µ such that the Dirac action ψiγ µ D µ ψ remains invariant under local U(N f ) transformations. Throughout this article we will be working in the A z = 0 gauge instead, where we have the following expansion of the gauge field [67] (with our A µ equal to A L = A R = V in the notation of [67] )
Fixing the residual gauge symmetry within this gauge to ξ
, the expansion becomes
In this paper we shall not look at the pions in detail, being mainly interested in the ρ mesons (identified with B
µ ), so essentially we will use the gauge field expansion
To turn on an electromagnetic background field A em µ in the boundary field theory we put (e being the electromagnetic coupling constant and Q em the electric charge matrix)
which assigns the appropriate charge to the up-and down-quark. For the case of a constant external magnetic field along the x 3 -direction in the boundary field theory (F em 12 = ∂ 1 A em 2 = B), this amounts to setting
where in the last line we defined the up-and down-components of the background field strength, F u and F d . 7 We thank J. Van Doorsselaere for discussion on this point.
D. Effect of the magnetic field on the embedding of the probe branes
We determine in this Section the eB-dependence of the embedding of the flavour D8-branes in the confining (we are working at zero temperature) D4-brane background (1). On each of the D8-branes lives an induced metric
and a gauge field A µ , for which we assume the background gauge field ansatz
modeling an external magnetic field B = B e 3 in the dual field theory.
We plug the gauge field ansatz into the non-Abelian DBI-action
and solve for the embedding u = du/dτ as a function of eB. To allow for the possibility that each of the two flavour D8-branes responds differently to the external magnetic field, we assume the following form of the metric in flavour space
the only difference between g D8 u and g D8 d being that the u-coordinate appearing in g D8 u follows the up-brane, varying from u 0,u to infinity, whereas the the u-coordinate appearing in g D8 d follows the down-brane, varying from u 0,d to infinity. This will turn out to generate a different embedding u (eB) for up and down. We write
where we introduced the notation
for our "generalized unity matrix" that indicates that everything multiplied by the Heaviside step function
The determinant in the action is
where we defined
Since the matrix (69) is diagonal, the square root of it is equal to the matrix of the square roots of the diagonal elements and the STr reduces to an ordinary Tr, leading to the action
with V R 3+1 = d 4 x and u as a function of eB to be determined for both the up-and down-brane.
Omitting all the up-and down-indices for clearness,
and using the short-hand
we determine u for each flavour from the conserved "Hamiltonian"
Expressing that this H is conserved and assuming a ∪-shaped embedding u = 0 at u = u 0 (with A(u 0 ) and f (u 0 ) denoted as A 0 and f 0 ):
we find
reducing to the known ∪-shaped embedding for eB → 0 whereby A → 1.
1. Antipodal embedding (u 0 = u K ): no dependence on eB
In the case u 0 = u K , we have f 0 = 0 so
and the embedding function is constant,
(τ = 0 for the D8-branes and τ = π/M K 1 for the D8-branes, see the l.h.s. of Figure 1) , independent of the value of the magnetic field. In this case, there is thus no response of the chiral symmetry breaking to the magnetic field, a somewhat unphysical feature of the extremal Sakai-Sugimoto embedding, which is a direct consequence of the absence of a constituent quark mass in this setting.
2. Non-antipodal embedding (u 0 > u K ): magnetic catalysis of chiral symmetry breaking
In the case u 0 > u K the embedding function for the flavour branes in the background is given by
with u 0 and A taking their up or down values in ∂ u τ u or ∂ u τ d respectively. The up-brane and down-brane are thus no longer coincident in the presence of a magnetic field, as sketched in Figure 2 .
The change in embedding of the flavour branes caused by the magnetic field eB models the chiral magnetic catalysis effect. The up-brane reacts the strongest to eB, corresponding to a stronger chiral magnetic catalysis for the up-quarks than for the down-quarks.
The eB-dependent induced metric on the up-and down-brane is given by
and the action by
We see that the non-Abelian DBI-action for the two D8-branes in the presence of a background magnetic field reduces to the sum of two Abelian actions. This represents the explicit breaking of the global chiral symmetry,
caused by the up-and down-quarks' different coupling to the magnetic field.
The asymptotic separation L between D8-and D8-branes as a function of the magnetic field is
where we changed the integration variable to ζ = (u/u 0 ) −3 [47] , with y K = u K /u 0 , y = u/u 0 and f = 1 − y 3 K ζ.
In Section II B the value of the geometric parameter L in zero magnetic field was determined at L(eB = 0) = 1.547 GeV −1 . We keep L = L(eB = 0) fixed while varying eB to determine u 0,u/d (eB) and consequently, via
the constituent quark masses m u (eB) and m d (eB) of up-and down-quarks.
In Figures 3 and 4 the numerically obtained dependence on eB of u 0,u/d , m u and m d are depicted. As u 0 rises with eB, the probe branes in the presence of the external magnetic field get more and more bent towards each other, driving them further and further away from the chirally invariant situation of straight branes, see Figure 2 . This feature corresponds to a holographic modeling of the magnetic catalysis of chiral symmetry breaking [72] . As already mentioned, this "chiral magnetic catalysis effect" was already discussed for the Sakai-Sugimoto model in [47] , albeit for a single flavour and without matching the free parameters onto QCD values. The constituent quark masses m q (eB), which are related to the quantity u 0 (eB) − u K , accordingly increase (see Figure 4) , leading us to expect that taking this chiral magnetic catalysis into account will translate into the ρ meson mass also growing with eB, at least when ignoring the lowest Landau level shift (see next Section). 
as a function of the magnetic field for the D8-brane corresponding to the up-quark, and the one corresponding to the down-quark.
For small magnetic fields, we can compute the lowest order correction to m q (eB = 0) analytically, confirming the typical holographic (eB) 2 dependence [48] . To this end we approximate L by L = 0 (u) + (eB) 2 1 (u). The condition 0 (u) + (eB) 2 1 (u) = L(eB = 0) then has a solution of the form u = u 0 + (eB) 2 u 1 with u 0 = 1.38 u K = 1.92 GeV and
. The corresponding constituent quark masses for small magnetic fields are We find
depicted in Figure 5 . This quadratic dependence at small magnetic field is also encountered in other effective descriptions of the constituent quark mass, as in the PLSM q model of [13, 86] , and although not explicitly mentioned, also an instanton based computation seems to give a quadratic-like power [19] . Also the numerical data of [42] for the up-and down-quark chiral condensates are in accordance with a quadratic behaviour at small eB. We must however mention that the latter lattice computations were done at nonvanishing current quark mass in an unquenched setting. Chiral perturbation theory predicts a linear behaviour [73] (see also the comments in [48] ). Quenched lattice simulations of [37] confirmed this, although we notice that the small eB-behaviour does not seem to be precisely caught by the proposed linear fit. In fact, we are able to fit our result quite well with a linear fit if eB is not too large, see Figure 5 . We used 
It is also instructive to see what happens at large magnetic field. As already pointed out in [47] , we observe a saturation in Figure 4 . Such a saturation was also seen for the first time using lattice simulations in [42] for the upand down-quark chiral condensates, carefully taken into account some subtleties related to an unphysical periodicity in the results, which is a typical lattice artefact. The results of [19, 42] anyhow confirm the different response of the constituent up-and down-quark masses or chiral condensates to the magnetic field, a feature which we also reproduced here for the first time in the holographic Sakai-Sugimoto setting. It thus appears that our holographic results reproduce quite well the phenomenology of independent quenched QCD calculations. The unquenched topof-the-bill simulations of [44] show a similar behaviour for the chiral condensate, at least at vanishing temperature. Similarly shaped curves for the chiral condensate extrapolated to the chiral limit can be found in [43] , which would be most relevant for comparison with our analysis, nevertheless keeping in mind that the lattice study [43] is for 2 rather than 3 colours.
III. EXPLORING THE ρ MESON MASS
In this section we will determine the mass equation for the 5-dimensional gauge field fluctuation describing the four-dimensional ρ meson, again for both the antipodal and the non-antipodal embedding. The strategy is to plug the gauge field ansatz
with (see (64) and (80)) into the DBI-action describing the dynamics of the flavour branes. We then expand the action to order (2πα ) 2 ∼ 1 λ 2
and to second order in the fluctuations, and finally integrate out the u-dependence to obtain an effective fourdimensional theory for the ρ meson in the presence of the background magnetic field. Further we will use the notation τ = τ a σ a ,τ =τ a σ a , A µ = A a µ t a andÃ r =Ã a r t a , with all components field a real.
We have to evaluate (for notational brevity we temporarily absorb the factor (2πα ) into the field strength)
If we denote the argument a of the determinant (which runs over the Lorentz-indices) as
with a (n) being n-th order in the fluctuationsÃ, the determinant can be expanded to second order in the fluctuations as follows
We denote the trace in Lorentz-space with a small tr, and the trace in flavour space with a capital (S)Tr.
Splitting each component of a in its symmetric and antisymmetric parts
the expansion of the determinant (95) to second order in the fluctuations can be written as
For our field ansatz we have
The symmetric part G of a −1 is diagonal,
and the antisymmetric part B has non-zero components
The DBI-Lagrangian to second order in the fluctuations thus becomes
where the notation for the factors g −1 µµ A −1 | µ=1,2 coming from G means that g −1 µµ is accompanied with a factor A −1 only for µ = 1, 2. Approximating the action to order T −2 = (2πα ) 2 ∼ 1/λ 2 while keeping in mind that every F carries a factor T −1 and that (see (69) )
we have
A. Antipodal embedding (u 0 = u K ): Landau levels ⇒ eB c = m 2 ρ
In the case u 0 = u K we have
simplifying (107) drastically to a part in the scalar fluctuations and a part quadratic in the gauge fluctuations, given by
where we also chose the gauge A u = 0. The DBI-action for the A a µ (a = 1, 2) components can then be written as 8
with f i (i = 1..3) the following functions of u:
and where we retained only the first meson of the vector meson tower in the fluctuation expansion (55),
, because it is the most likely to condense first, being the lightest spin 1 particle, and
There are no coupling terms between ρ mesons and pions at second order in the fluctuations in the DBI-action, which can be traced back to the different parity of
, ψ 0 (z) being odd and ψ(z) even. In order to obtain a canonical kinetic term and mass term for the ρ mesons in the effective four-dimensional action, we impose that the ψ(u) fulfill the standard conditions
These conditions combine to the eigenvalue equation (23) with γ = f −1 for u 0 = u K . Per construction the lowest eigenvalue of this equation is m 2 ρ = 0.776 2 GeV 2 . The corresponding eigenfunction ψ fulfilling the boundary conditions ψ (z = 0) = 0 and ψ(z → ±∞) = 0 can be used to evaluate the last integral over u in the above action, which determines the non-minimal magnetic moment coupling k of the ρ mesons to the background magnetic field,
related to the magnetic moment µ as µ = (1 + k)e/(2m) so to the gyromagnetic ratio g as g = 1 + k [87] . Because in this simple embedding we have f 1 = f 3 , we immediately see from the normalization condition that k = 1 and thus g = 2, describing a non-minimal coupling of the ρ mesons to the background magnetic field.
The effective four-dimensional action thus takes the form of the standard four-dimensional action used to describe the coupling of charged vector mesons to an external magnetic field (i.e. the Proca action [87, 88] or DSGS action for self-consistent ρ meson quantum electrodynamics to second order in the fields [89] ):
This means that the Sakai-Sugimoto model with u 0 = u K automatically describes Landau levels for ρ mesons moving in an external magnetic field. Let us quickly repeat how to derive this from the effective action, following for example [87] (up to conventions).
The equations of motion for ρ νa ,
combine to
with 
which allows us to rewrite the equation as
The condition (120) and its conjugate are nothing else than the covariant (w.r.t. the electromagnetic background) generalizations of the usual Proca subsidiary conditions ∂ ν ρ ± ν = 0.
Fourier transforming ρ ν → e i( k· x−Et) ρ ν , we find that the transverse combinations 9 ρ
respectively get a negative or positive contribution ∓eB to their effective mass squared as a consequence of their magnetic moment coupling to the magnetic field:
The following combinations of the transverse (w.r.t. B) polarizations of the charged spin-1 ρ meson fields,
have their spin aligned with the background magnetic field, s 3 = 1, which decreases their energy with an amount eB. As a consequence, the energy or effective mass of the fields ρ and ρ † in the lowest energy state, i.e. in the lowest Landau level N = 0 and with zero momentum k 3 along the direction of the magnetic field,
becomes imaginary when the magnetic field reaches the critical value of m 2 ρ ,
see Figure 6 . We conclude from this that the field combinations (123) should experience a condensation, in accordance with [30, 31] . 9 Because F 3 µν is only non-zero for µ, ν = 0, 3 there is no magnetic moment coupling term for the longitudinal components of the ρ fields, resulting in only the transverse components condensing according to the Landau equations of motion. Before concluding this Section, we mention that in principle there are also equations of motion forÃ a u , which, upon still ignoring the F 4 terms in the action, read (in the gauge A u = 0)
The latter equations are automatically fulfilled due to the Proca subsidiary conditions for the neutral mesons, the subsidiary condition (120) and its complex conjugate.
B. Non-antipodal embedding (u
Considering the case of non-antipodal embedding, u 0 > u K , corresponds to taking into account effects of the constituents of the mesons in the analysis, as the distance between u 0 and u K is related to the constituent quark mass through (4) . In contrast to the antipodal case, here the embedding of the flavour branesís affected by the magnetic field, as depicted in Figure 2 . The eB-dependent change in embedding models two effects which both will have an influence on the mass of the ρ meson. Firstly, the rise of u 0 and consequently of the constituent quark masses m u and m d with the magnetic field models magnetic catalysis of chiral symmetry breaking. As the constituents get heavier it is expected that the ρ meson will too, increasing the value of the critical magnetic field for condensation. Secondly, the fact that the up-and down brane are separated, models the explicit breaking of the global chiral sym-
The split between the branes generates another mass mechanism for the charged ρ mesons through a magnetically induced holographic Higgs mechanism: the charged ud and du combinations correspond to strings with one endpoint on the up-brane and the other endpoint on the down-brane, these will now stretch between the separated branes and because of their string tension will develop a (stringy) mass term. Taking into account the splitting of the branes, τ ∼ 1, severely complicates the analysis, mainly because the evaluation of the STr in the action (107) becomes quite technical in the case of non-coincident branes (the STr no longer reduces to a normal Tr). We are in the current paper moreover particularly interested in the effect of the chiral magnetic catalysis on the ρ meson mass and the critical magnetic field. For this reason we will here approximate the embedding in Figure 2 by an embedding where the branes are still coincident in the presence of the magnetic field (∂ u τ = 0 but τ ∼ 1), joining at an averaged value u 0 of the holographic radius, determined from L average (u 0 , eB) = (85) with every A replaced by A average = (
see Figure 7 and 8. This form of L average (u 0 , eB) is the one you obtain when you postulate that the branes remain coincident in the presence of the magnetic field by using g D8 = g D8 1 instead of (67). The same approximation, i.e. not taking into account the splitting, is implicitly done when applying the magnetic field holographically by assigning a non-zero value only to A 3 µ and not A 0 µ (instead of (57)), as is quite often done in the literature, e.g. in [54] [55] [56] . In this approximation the Higgs effect on the ρ meson mass is ignored, but we will elaborate on this in a follow-up paper where we will handle the non-approximated case of splitted branes rigorously by suitably adapting tools developed in [79, 81] . In the case u 0 > u K and the current approximation of coincident branes we have
simplifying (107) to a part in the scalar fluctuations and a part quadratic in the gauge fluctuations, given by
where we again chose the gauge A u = 0 and only retained the lowest mesons of the meson towers in the fluctuation expansions (55) for the gauge field andτ(x µ , u) = ∑ n U (n) (x µ )φ n (u) for the scalar field:
Because both ψ(z) ≡ ψ(u(z)) and φ(z) ≡ φ(u(z)) (with u(z) = u 3 0 + u 0 z 2 ) are even functions, the last line of (107) consists of integrals of the form ∞ −∞ dz{odd function of z} = 0 and hence disappears.
The DBI-action to second order in the charged gauge field fluctuations can then again be written as
with the functions f i (i = 1..3) dependent on both uánd eB this time (through the eB-dependence of the embedding function ∂ u τ in G uu ):
In order to obtain a canonical kinetic term and mass term for the ρ mesons in the effective four-dimensional action, we demand the ψ(u) to fulfill the standard conditions
These conditions combine to the eigenvalue equation (23) with γ = γ eB = (83) with every A replaced by
Numerically solving this eigenvalue equation for m 2 ρ (eB) (see the Appendix for details) boils down to taking the averaged magnetic catalysis of chiral symmetry breaking into account, as we include the effect of eB on the embedding of the flavour branes, both through the induced metric on the branes and the changed value of u 0 . The resulting ρ meson mass eigenvalue m 2 ρ (eB) as a function of eB is depicted in Figure 9 . As expected on grounds of Figure 4 , it is an increasing function of magnetic field (where it should be noted that working in the approximation of coincident branes means that we consider the effect of an averaged increase for m q (eB), equal for up and down, rather than the exact eB-dependences in Figure 4 ). The corresponding eigenfunction ψ fulfilling the boundary conditions ψ (z = 0) = 0 and ψ(z → ±∞) = 0 can be used to evaluate the last integral over u in the above action, which determines the gyromagnetic coupling constant k to be one,
or g = k + 1 = 2, again because of f 1 = f 3 . The effective four-dimensional action thus again takes the form of the standard four-dimensional action used to describe the coupling of charged vector mesons to an external magnetic field (i.e. the Proca action [87, 88] or DSGS action for self-consistent ρ meson quantum electrodynamics to second order in the fields [89] ), but with the influence of the constituent quarks reflected in the magnetic field dependence of m ρ :
Completely analogous to the derivation in the preceding subsection, this action describes that the ρ and ρ † fields in the lowest Landau energy level will get an effective mass
which becomes imaginary when eB c = m 2 ρ (eB c ), at
see Figure 10 . The averaged chiral magnetic catalysis pushes the critical magnetic field for condensation to a higher value, as expected. The increase is of the order of 10 percent. In future work, we shall probe the further increase in eB c due to the already alluded to Higgs effect caused by the flavour brane separation, to investigate to what extent we can get closer to the lattice estimate for the critical magnetic field, i.e. eB c of the order of 1 GeV 2 [40] . 
C. The Chern-Simons action and mixing with pions
In principle, the DBI action (5) needs to be complemented with a Chern-Simons piece which serves as the chiral anomaly in the QCD-like boundary theory:
where the notation implies wedge products of differential forms. Since it is a factor λ smaller than the DBI-action and λ ≈ 15 1, we have ignored the CS-action in our above analysis.
When one applies a magnetic field, one might intuitively guess that a quark and anti-quark forming a pion bound state might try to align their spins, thereby transforming into a ρ meson. In field theoretic terms, one might therefore expect a mixing between pions and ρ mesons due to a magnetic field. Given the different intrinsic parity of the participants in this mixing, this would necessarily correspond to an anomaly driven process, i.e. related to the ChernSimons piece of the complete Sakai-Sugimoto action. It therefore looks interesting to investigate the CS-action to order meson gauge field squared in some more detail. We find that, after renormalizing by subtracting appropriate boundary terms [91] , the action 
indeed describing couplings between ρ-mesons and pions (and other axial mesons that we have not taken into account). However, since there are no direct couplings between the transverse components (µ = 1, 2) of the ρ fields and pions, we can conclude that, at the level of a O(Ã 2 ) analysis, taking the CS-action into account will not affect the presence of the ρ meson condensate which is related to the transverse field components, see eq. (123).
maps the interval under investigation onto x ∈ [−π/2; π/2], with the boundary conditions (A2) now reading ψ n (±π/2) = 0.
The differential equation (23) 
where we denoted the mass eigenvalue m 2 n with λ n . Due to the reflection symmetry x → −x we can split up the eigenfunction set in even/odd ψ n (x)'s and focus on the interval [0, π/2]. Analogously as explained in [66, 82] , the even/odd eigenfunctions correspond to odd/even parity mesons. We can thus demand that ψ n (0) = 0 or ∂ x ψ n (0) = 0.
For the ρ meson, we must look at the odd parity sector, in particular the even eigenfunction with the lowest eigenvalue. We can temporarily replace (23) and associated boundary conditions with the initial value problem where Λ is treated as a "shooting" parameter. We numerically solved the previous differential equation for each value of Λ to give a unique ψ Λ (x), consistent with the initial conditions. Since the coefficient functions appearing in (A7) display a delicate behaviour ∼ 0/0 around x = 0, some care is needed when using a numerical package, as this is precisely where we are imposing our initial conditions. The solution around x = 0 can however be easily obtained using a Taylor expansion, and fed into the numerical procedure. Once the ψ Λ (x) is known, we can solve the equation
for Λ, which is then precisely the mass eigenvalue of the original eigenvalue problem.
For the eB-dependent eigenvalue problem (137) with normalization condition (135), the corresponding initial value problem can be written as (A7) with every f 0 → f 0 A 0 /A, where in the case of the approximation of coincident branes A is replaced by A average = (
, and where it is understood that each u 0 appearing in the eigenvalue equation is now eB-dependent, see u 0 (eB) from (127). This can accordingly be solved numerically, using the explained shooting method, for the eB-dependent mass eigenvalue Λ(eB) = m 2 ρ (eB).
